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We analyze the stability of small bubbles in a closed system with fixed volume, temperature, and
number of molecules. We show that there exists a minimum stable size of a bubble. Thus there exists
a range of densities where no stable bubbles are allowed and the system has a homogeneous density
which is lower than the coexistence density of the liquid. This becomes possible due to the finite liq-
uid compressibility. Capillary analysis within the developed “modified bubble” model illustrates that
the existence of the minimum bubble size is associated to the compressibility and it is not possible
when the liquid is strictly incompressible. This finding is expected to have very important implica-
tions in cavitation and boiling. © 2013 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4807323]
I. INTRODUCTION
The formation and stability of bubbles play a very impor-
tant role in a wide variety of systems of scientific and tech-
nological interests. Examples include foaming, cavitation,1
sonoluminescence,2 or explosive boiling of liquids3 that may
pose a serious hazard in metallurgic processes, nuclear reac-
tors or cryogenic systems.4–7 In most cases, the formation of
these bubbles takes place in nucleation phenomena whose in-
tricacies have not been quantitatively understood up to date.
Part of the problem lies on the fact that bubbles in open
systems are intrinsically unstable, so it is not easy to deter-
mine accurately their thermodynamic properties and their ki-
netic evolution. Moreover, the critical bubble sizes of interest
for cavitation and nucleation phenomena are typically very
small,8–10 and that adds an extra complication to their descrip-
tion. However, it is in principle possible to stabilize bubbles
in a closed system, where the volume and total number of
molecules (or mass) are fixed.
The stability of small droplets has been discussed in the
literature and depends on the thermodynamic control param-
eters and constraints.11–16 In particular one distinguishes be-
tween open and closed systems. In open systems, where one
controls the chemical potential, the only possible extrema of
the grand-potential are maxima that correspond to the crit-
ical nuclei extensively studied in the context of nucleation.
The formation of small drops in closed systems has also
been the subject of studies using different theoretical mod-
els, molecular dynamics and Monte Carlo simulations, as
well as density functional theory.11–24 For closed systems it
is the Helmholtz free energy which decides on the stabil-
ity of the system, and was found to have in general a max-
imum (i.e., a barrier to nucleation), and a minimum, corre-
sponding to stable equilibrium between the droplet and the
surrounding vapor.12–14, 16, 23, 24 Even though in open systems
there can exist unstable nuclei of arbitrary small size, this
is not the case for closed systems, with fixed volume and
number of particles. In particular, it was shown earlier,14 that
in such systems there exist a minimum size of both unsta-
ble nuclei and stable droplets due to the undersaturation of
the surrounding gas accompanying the formation of a liquid
drop.
The analogous problem of the stability of small cavities
and bubbles in closed containers has not been so extensively
studied, with some notable exceptions.15, 23, 25, 26 Moreover,
the potential existence of a threshold minimum size and the
importance of the fluid compressibility has, to the best of our
knowledge, not been analyzed before.
The goal of this paper is to analyze the stability of small
bubbles in closed systems. We will see that, surprisingly, it is
impossible to stabilize very small bubbles even in closed sys-
tems. The underlying reason for that is the finite compressibil-
ity of the liquid. Remarkably and contrary to the case of liquid
drop formation, where in most cases the effects of compress-
ibility can be safely ignored, the consideration of the com-
pressibility of the liquid is crucial and changes the physics of
the problem drastically. In particular, it appears that the dif-
ferent reasons are responsible for the existence of minimum
droplet and bubble size in a closed system.
Furthermore, we will see that a simple capillary model
can describe very accurately the properties of these small bub-
bles and their stability, provided that compressibility of the
liquid is properly accounted for. For the sake of clarity and
simplicity, the calculations will be performed for a simple
van der Waals fluid. However, the conclusions and analysis
remain valid for more realistic fluids. Square gradient model
will be used as a benchmark to describe the thermodynamics
of the bubble and to test the accuracy of a simple capillary
model which is an adaptation of the “modified liquid drop
model”14, 27 to the case of bubble formation.
The paper is organized as follows. In Sec. II we de-
scribe the bubble interface with the help of the square gra-
dient model. We show that the density profile obtained from
the square gradient model becomes flat if the total mass of the
system exceeds a threshold mass, indicating that very small
bubbles are not stable in the system. Next, in Sec. III we con-
sider a simple capillary model for a bubble. Its solution for the
bubble size dependence on the mass has a locally stable and
unstable branches. The locally stable branch of this model co-
incides with the results of the square gradient model. Analysis
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of the capillary model allows us to understand the reason for
the existence of the minimum bubble size. Finally, in Sec. IV
we give concluding remarks.
II. SQUARE GRADIENT MODEL
We first describe the system using the square gradient
model (SG),28, 29 the simplest approximate form of density
functional theory.30–33 Within this model the local Helmholtz
energy density f(r) depends not only on the local mass den-
sity ρ(r) but also on the derivatives of the density with respect
to the position. This dependence is important in the interfa-
cial region where the density changes abruptly over a very
small distance. Typically, it is sufficient to consider the first
term in the Taylor expansion of the Helmholtz energy in the
density derivatives, so that for a one-component system the
Helmholtz energy density takes the following form:34
f (r) = f0(ρ(r), T ) + 12κ(ρ(r)) |∇ρ(r)|
2 (1)
where f0(ρ(r), T) is the bulk Helmholtz energy and κ is a pa-
rameter related to the surface tension which may depend on
the density. The equilibrium state in a closed system is char-
acterized by a solution profile ρ(r) that minimizes the total
Helmholtz energy F[ρ(r)] = ∫ dr f(r) with the constraint that
the total mass (or number of molecules) mtot =
∫
dr ρ(r) is
fixed. This requires the minimization with respect to the den-
sity of the functional,∫
dr f (r) − μe
∫
dr ρ(r), (2)
where μe is the Lagrange multiplier which is equal to the
equilibrium chemical potential. Thus the actual density pro-
file can be found by solving the equation,
μe = μ0(ρ, T ) − 12
∂κ
∂ρ
|∇ρ(r)|2 − κρ, (3)
where μ0(ρ, T) ≡ ∂(ρf0(ρ, T))/(∂ρ) and  ≡ ∇ · ∇ is the
Laplace operator. This is the profile which minimizes the
Helmholtz energy for given conditions.
In spherically symmetric system where all the quantities
depend only on the radial coordinate this equation takes the
following form:
μe = μ0(ρ, T ) − 12
∂κ
∂ρ
ρ ′2 − κ
(
ρ ′′ + 2
r
ρ ′
)
, (4)
where prime indicates derivative with respect to the radius.
The chemical potential μ0(ρ, T) can be found from the
bulk equation of state. We use van der Waals equation of state
p0(v, T ) = RT
v − B −
A
v2
, (5)
where v = M/ρ is the molar volume and M is the molar mass,
while A and B are the van der Waals coefficients. We refer
to Refs. 34, 35 for the details of the calculations using this
equation of state. For the chemical potential this gives
μ0(v, T ) = RT
(
B
v − B − ln
v − B
Na3
)
− 2A
v
, (6)
where  is the mean de Broglie wavelength, which depends
on the temperature but not on the molar volume, and that ap-
pears since the chemical potential of an ideal gas has been
taken as a reference.
The second order differential equation, Eq. (4), requires
two boundary conditions. For the equilibrium profile these
conditions should be the following: ρ ′(0) = 0 and ρ ′(L) = 0,
where L is the radius of the spherical container. The former
one reflects the smoothness of the density profile at the origin
and prevents singular solutions, while the latter one reflects
the fact that we have the bulk fluid phase at the outer bound-
ary. The advantage of this choice is that, on the one hand, there
is no influence of the nature of the wall on the calculation, and
on the other hand, it facilitates a closer comparison with the
properties of an equivalent bubble in an open system, since
it mimics a bulk system. This choice of zero gradient at the
wall has also been used in previous density functional theory
studies of small drops in the canonical ensemble (i.e., a closed
system).24 We note, that even if choosing zero gradient at the
wall is a natural condition to impose for open system, the sys-
tem is still closed because of the extra condition of fixing the
total mass in the system.
In a closed system, where one controls the total mass mtot
(rather than the pressure or the chemical potential), the equi-
librium chemical potential μe is not imposed but has to be
obtained instead from the differential equation. For this we
introduce the mass of the system m(r) as an additional vari-
able, which satisfies the equation m′(r) = 4πr2ρ(r) and gives
the two additional boundary conditions for the mass: m(0) = 0
and m(L) = mtot.
Thus we have three variables m(r), ρ(r) and ρ ′(r) and one
unknown parameter μe. Solving the above differential equa-
tions together with the given boundary conditions we can ob-
tain the density profile across the system.
The typical profile obtained from the square gradient the-
ory shows that there exists a region of a finite width where the
density changes continuously from the gas-phase value to the
liquid-phase value, the interfacial region. One has therefore a
freedom to define the size of the bubble anywhere within this
region. A typical choice is to introduce the equimolar dividing
surface Rρ , such that
0 =
L∫
0
[ρ(r) − ρg (Rρ − r) − ρ	 (r − Rρ)] 4πr2dr,
(7)
where (x) is the step function, while ρg and ρ	 are the ex-
trapolated (constant) values of the gas and liquid density. The
radius of the bubble is therefore defined as Rρ and can be
obtained from the solution of the square gradient model as a
function of the total mass in the system.
For illustrative purposes, we will particularize the calcu-
lations for the case of cyclohexane whose relevant thermo-
physical properties are listed in Table I.
At temperature T = 330 K this gives a value for the co-
existence pressure and chemical potential at planar interface
of p∞ = 340 550 Pa and μ∞ = 29 744 J/mol (with an ideal
gas as a reference), respectively. For the calculations, we will
use a spherical container with radius L = 80 nm. The mass of
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TABLE I. Material properties of cyclohexane used.
M 0.084162 (kg/mol)
A 2.195 (J m3/mol)
B 14.13 × 10−5 (m3/mol)
σ 0.0370 (N/m)
κ 1.7282 × 10−15 (J m5/kg2)
the system will be varied between mg = 2.4604 × 10−20 kg
= 1.4817 × 107 a.m.u., when only gas at coexistence density
ρg, ∞ = 11.4724 kg/m3 is present in the box, to m	 = 9.8690
× 10−19 kg = 5.9432 × 108 a.m.u., when only liquid at coex-
istence density ρ	, ∞ = 460.164 kg/m3 is present in the box.
We have analyzed the behavior of the bubble when the
total mass of the system changes using the square gradient
(SG) theory together with the van der Waals equation of state.
Typical density profiles are given in Fig. 1. The profiles were
obtained with the help of MATLAB procedure bvp4c with a
relative accuracy 10−9. After several trial profiles the numer-
ical solution converged to the one presented in the figure. All
of the profiles correspond to the minima in the Helmholtz free
energy.
One can see from Fig. 1 that density changes from the
gas value to the liquid value. The density profile becomes flat
when the total mass exceeds a threshold value. We also plot
the dependence of the equimolar radius of the bubble Rρ as
a function of the total mass mtot in Fig. 2. As expected, the
size of the bubble decreases when the total mass increases.
However, surprisingly there exist a certain mass threshold mb
= 9.4567 × 10−19 kg = 5.6950 × 108 a.m.u., which is less
than m	 after which the bubble does not exist. This is indi-
cated in Fig. 2 by the jump in the Rρ(mtot) dependence ob-
tained from the continuous profile. When mtot < mb bubble
size remains finite, reaching a minimum value Rmin = 17.7
nm at m = mb. When mtot > mb, the size of the bubble
jumps to zero and remains zero for all masses in the interval
(mb, m	), indicating that the equilibrium state in that case
corresponds to a homogeneous liquid filling the whole box.
Thus it is clear that it is impossible to have a stable bubble of
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FIG. 1. Density profile obtained from the square gradient model for different
total mass of the system.
radius smaller of Rmin in a closed container. Notice that in our
particular example, this minimum size turns out to be quite
large (i.e., 17.7 nm) compared to the typical critical bubble
sizes which trigger cavitation and boiling.
III. MODIFIED BUBBLE MODEL
In order to understand this puzzling result, we will intro-
duce a simple capillary model which is developed in analogy
with the “modified liquid drop model”,14, 27 and accordingly
will be called the “modified bubble model.” The model, il-
lustrated in Fig. 3, consists of a spherical container of fixed
radius L, containing N molecules and a total mass mtot at tem-
perature T. At low enough total mass, a bubble can form in-
side the spherical container. The bubble is considered to have
a sharp interface of radius Rσ , a volume Vb = 4/3π R3σ and
contains n gas molecules. The liquid then occupies the re-
maining volume 4/3π (L3 − R3σ ) and is made of the remain-
ing N − n molecules. Thus, for a given total mass mtot and
bubble radius Rσ , the densities of the gas and the liquid are
ρg = m1n/Vb and ρ	 = m1(N − n)/(V − Vb), respectively,
where m1 = mtot/N is the molecular mass of the fluid. Fol-
lowing the derivation of the “modified liquid drop model,” it
is straightforward to show that the equilibrium conditions for
a bubble of radius Rσ are given by the standard equations,
μg(pg, T ) = μ	(p	, T )
p	 − pg = −2σ
Rσ
, (8)
where σ is the surface tension of the bulk planar fluid, μg and
μ	 are the chemical potentials of the gas and liquid phase,
while pg and p	 are the corresponding pressures. The chemical
potentials of each phase can be calculated from the Gibbs-
Duhem equation at constant temperature, with the assumption
that the surface tension is independent of pressure (cf. also
Ref. 14):
μ = μ∞(p∞) +
p∫
p∞
v(p) dp
= μ∞(p∞) +
v∫
v∞
v
∂p
∂v
dv, (9)
where v is the molar volume, while p∞ and μ∞ are the coex-
istence pressure and chemical potential at planar interface.
Within the capillary approach one can consider different
models of the bulk phase. We will consider the following:
(i) the standard approximation made in the classical theory,
where the bubble is considered as an ideal gas surrounded by
an incompressible liquid; (ii) a more realistic case, where both
gas and liquid are described by the vdW equation of state. In
each case, solving Eq. (8) together with Eq. (9) will give the
dependence of the bubble size Rσ on the total mass mtot of the
system.
For the simplest case of a bubble of ideal gas surrounded
by incompressible fluid, the chemical potentials can be easily
obtained and the equilibrium conditions prescribed by Eq. (8)
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FIG. 2. (a) Size of the bubble as a function of the total mass obtained from: SG theory (“profile SG+vdW,” solid red line); MBM assuming ideal gas and
incompressible liquid (“MBM Kelvin,” dotted line); MBM with ideal gas and vdW liquid (“MBM IG+vdW,” triangles). The unstable branch of “MBM” solution
is indicated with black dots. (b) Zoom of the region where the stable bubble disappears. The dashed vertical line indicates value of the mass corresponding to
the equilibrium density of the liquid. The R in the caption stands for Rρ and Rσ in case of the results from SG theory and MBM, respectively.
will then take the following form:
RT ln
pg
p∞
= −2σv	
Rσ
+ v	(pg − p∞) , (10)
where v	 is the molar volume of the incompressible liquid.
The last term on the right-hand side is typically very small
compared to the contribution of the Laplace pressure and can
be safely neglected, leading to the well-known Kelvin equa-
tion for the pressure of the vapor phase. This equation has
only one solution, corresponding to a stable bubble forming
inside the container. Using the value of the surface tension
listed in Table I (which, to make a fair comparison, is the
one obtained from the square-gradient model with the given κ
rather than the experimental value), the results of this model
are shown by the dotted line also in Fig. 2 together with the
results of the SG model. For low masses, the predictions agree
with the results of the SG model. However, at large mtot the
results deviate and in this case bubbles of any size are allowed
to exist. The profile R(m) goes monotonically to zero when the
mass goes to m	, as can be seen in the zoomed picture shown
in Fig. 2(b). Thus, considering the liquid as incompressible,
FIG. 3. Schematic illustration of the “modified bubble model” (MBM).
which is the standard assumption in the classical theory of
nucleation and bubble formation, there is no minimum stable
size and one cannot explain the SG results.
However, there is nothing in the capillary approximation
that prevents us from using the vdW equation of state to de-
scribe the bulk properties of both phases. Thus, in this second
model, that we will call MBM, the compressibility of the liq-
uid phase is accounted for. In this case, the chemical poten-
tials μg and μ	 are found from (6), while the pressures pg and
p	 are found from the vdW equation of state (5). Remarkably,
now the equilibrium conditions (8) yield two possible solu-
tions for the radius of the bubble, which are plotted in Fig. 2.
The upper branch corresponds to a locally stable bubble, and
amazingly matches perfectly the results of the SG model. In
fact, it also predicts that there is no solution (i.e., no stable or
metastable bubble size) for masses exceeding mb. Here, the
stability of the bubble is characterized from the Helmholtz en-
ergy, using the same analysis as in Ref. 14. In particular, for
mtot < mb the upper branch corresponds to a local minimum
of the Helmholtz energy, and thus to a stable or metastable
solution, while the lower branch corresponds to a local max-
imum of the Helmholtz free energy, and thus to an unstable
solution. For mtot > mb the Helmholtz free energy has no lo-
cal extremum for any bubble size and its lowest value corre-
sponds to a homogeneous liquid filling the whole container.
Both the predictions of the minimum stable bubble size
Rmin and of the mass (or total density) of the system at which
this occurs mb, agree perfectly with the results of the SG the-
ory. Figure 2(b) shows a zoomed picture of the results near
mb and also plots an extra line corresponding to the solution
of the capillary model when the liquid phase is described by
the vdW equation, but the gas is treated as ideal. The results
are identical to those of MBM, showing that compressibil-
ity of the liquid, rather than the negligible nonideality of the
gas phase, is the key to understand the impossibility to form
small stable bubbles. The lower branch, which is the second
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FIG. 4. (a) Chemical potential excess of the system as a function of the total mass from SG profile and from MBM. Unstable part of MBM solution is indicated
by black dots. (b) Pressure inside the bubble and the surrounding liquid as a function of the total mass from MBM. Unstable part of MBM solution is indicated
by black dots and crosses. Dashed vertical line indicates the value of the mass corresponding to the equilibrium density of the liquid.
solution of the MBM, for which Rσ < Rmin corresponds to an
unstable bubble, a maximum of the free energy landscape of
bubble formation (i.e., it is the equivalent to the critical bub-
ble size for an open system). This branch also ends at mb and
Rmin, confirming that larger masses cannot sustain bubbles.
We note, that the effect is observed not only at given
temperature of 330 K. The calculations show that the thresh-
old mass mb is always lower than the total possible mass m	
in the entire range of temperatures from the triple point far
enough from the critical point. This implies that the exis-
tence of the minimum stable bubble size is independent of the
temperature.
It is interesting to see the behavior of the chemical po-
tential of the system close to mb, which is shown in Fig. 4(a).
It is consistent with the above results. In particular, the mass
dependence of the chemical potential from MBM reveals two
branches, with only the upper branch being stable, while the
lower branch corresponds to an unstable solution. Further-
more, the mass dependence of the chemical potential from
SG model reveals the jump at mb.
An important clue on the role of compressibility is pro-
vided by the plots in Fig. 4(b) of the pressure in the bubble and
in the liquid phase as a function of the total mass. Once again
we note that the predictions of the MBM perfectly agree with
the SG results. As the radius of the bubble becomes smaller,
the Laplace contribution (i.e., the right-hand side of Eq. (8) for
the pressure difference) generates a very large negative pres-
sure in the liquid, that stretches the liquid phase and reduces
its density compared to the coexistence one. Eventually, when
the bubble is very small, the stretching becomes so large, that
the liquid phase will fill the entire container collapsing the
bubble. Thus, at those conditions, it is energetically more fa-
vorable for the system to fill the entire volume with an ho-
mogeneous stretched liquid phase rather than to pay the extra
interfacial cost and have the large negative pressures in the
liquid phase required to accommodate a small bubble. That is
the ultimate physical reason why very small bubbles of real
compressible fluids cannot be stable in closed containers. In
a strictly incompressible liquid, the large tensile pressures as-
sociated to the Laplace pressure will not stretch the liquid,
which occupies a fixed fraction of the box volume, thus al-
ways leaving room for arbitrarily small bubbles.
Another surprising consequence of Laplace’s law is the
fact the effective compressibility of the system is negative, as
evidenced by Fig. 4(b). That might seem a violation of the
well-known thermodynamic stability requirement of having a
positive compressibility. However, this requirement only ap-
plies for a uniform single phase system, and in our case the
system contains two phases (liquid and vapor), each of them
having a positive compressibility. The effective negative com-
pressibility is not a signature of instability in this case, but
rather a natural consequence of the equilibrium between the
two phases in a finite system. As we add more molecules to
the system, they will condense into the liquid phase, reduc-
ing the radius of the bubble. Following Laplace’s law, Eq. (8),
the only way to keep the vapor pressure near saturation and,
at the same time, have this smaller bubble stabilized inside
the fixed volume container is by reducing the pressure of the
liquid phase. Thus, the pressure of the liquid phase for the
system containing this bubble must decrease as the total mass
is increased, leading to this effective negative compressibility.
The same behavior has been also reported and explained for
the inverse situation of drop formation in a closed container
in Ref. 14.
IV. CONCLUSIONS
In this article we have shown that in a closed system one
cannot observe very small stable bubbles. Remarkably, the ex-
istence and the value of the minimum bubble size one can
observe can be obtained accurately from a simple capillary
model of the bubble. We emphasize, that in order to observe
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this effect it is crucial to account for the compressibility of
the liquid. Incompressible liquids allow bubbles of arbitrarily
small sizes. This conclusion is important since compressibil-
ity is considered a small effect that is commonly neglected.
In fact, compressibility is not important in the inverse situ-
ation, i.e., in the formation of liquid drops in supersaturated
vapors. In that case, the small change in volume associated to
the Laplace pressure changes negligibly the equilibrium with
the vapor and the physics of the problem. However, we have
seen that compressibility is crucial for the correct description
of small bubbles, since in this case the large negative pres-
sures that would be required to stabilize the bubble stretch the
liquid phase significantly and make impossible its formation.
That leads to the existence of a minimum stable bubble size
in closed systems having important implications in cavitation
and boiling that will be explored in a future work.
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